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BICONSERVATIVE SURFACES IN BCV-SPACES
STEFANO MONTALDO, IRENE I. ONNIS, AND APOENA PASSOS PASSAMANI
Abstract. Biconservative hypersurfaces are hypersurfaces with conservative stress-energy tensor
with respect to the bienergy functional, and form a geometrically interesting family which in-
cludes that of biharmonic hypersurfaces. In this paper we study biconservative surfaces in the
3-dimensional Bianchi-Cartan-Vranceanu spaces, obtaining their characterization in the following
cases: when they form a constant angle with the Hopf vector field; when they are SO(2)-invariant.
1. Introduction
A hypersurface Mn−1 in an n-dimensional Riemannian manifold N n is called biconservative if
2A(grad f) + f grad f = 2f Ricci(N)⊤ ,
where A is the shape operator, f = traceA is the mean curvature function and Ricci(N)⊤ is the
tangent component of the Ricci curvature of N in the direction of the unit normal N of M in N .
The notion of biconservative hypersurfaces was introduced in [5], as we shall detail in the next
section, where the authors classify, locally, biconservative surfaces into 3-dimensional space forms
(see also [13]). In [19] there is a detailed qualitative study of SO(p+1)×SO(q+1)-invariant proper
biconservative hypersurfaces in the Euclidean space Rn (n = p+ q+2). The spacelike and timelike
biconservative hypersurfaces of the three-dimensional Minkowski space were studied in [12], where
the author gave the local parametrization of the biconservative surfaces that do not have constant
mean curvature. Also, in [11], the authors present the classification of the non minimal biconserva-
tive surfaces, with parallel mean vector field, in the product spaces Sn×R and Hn×R. In [20] there
is a motivating study of the relationship between biconservative surfaces and the holomorphicity of
a generalized Hopf function. Moreover, the authors give a complete classification of constant mean
curvature biconservative surfaces in 4-dimensional space forms.
In this paper we restrict our study to biconservative surfaces in the Bianchi-Cartan-Vranceanu
spaces (BCV-spaces). The latter can be thought as a local representation of simply connected
homogeneous three-dimensional Riemannian manifolds and they can be explicitly described by the
following two-parameter family of Riemannian metrics:
gκ,τ =
dx2 + dy2
F 2
+
(
dz + τ
ydx− xdy
F
)2
, F (x, y) = 1 +
κ
4
(x2 + y2), κ, τ ∈ R,
defined on
N = {(x, y, z) ∈ R3 : F (x, y) > 0}.
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An important feature of the BCV-spaces is that they admit a Riemannian submersion over a surface
with constant Gaussian curvature κ, called Hopf fibration:
ψ : N κ,τ = (N , gκ,τ )→M2(κ) = (R2, h = (dx2 + dy2)/F 2), ψ(x, y, z) = (x, y).
The vector field E3 = ∂/∂z, which is tangent to the fibers of the Hopf fibration, is called the Hopf
vector field. In [8], Daniel considered the angle α between the normal vector field of an immersed
surface in N κ,τ and the Hopf vector field E3, obtaining the expressions of the Gauss and Codazzi
equations in terms of the function ν = cosα. Moreover, he showed that this angle is a fundamental
invariant for a surface in a BCV-space.
Since the biconservative surfaces in a 3-dimensional space form have been classified in [5], in this
paper we study the case when the BCV-space Nκ,τ is not a space form, that is when κ 6= 4τ2.
Using the techniques developed by Daniel, in the first part of the paper we study biconservative
helix surfaces (or constant angle surfaces) in the BCV-space Nκ,τ , that is surfaces such that the
angle α ∈ [0, π] between its unit normal vector field and the unit Killing vector field E3 is constant
at every point of the surface. For this class of surfaces we prove the following theorem.
Theorem 4.4. Let M be a non minimal biconservative surface in a BCV-space Nκ,τ , with κ 6= 4τ2.
Then, the following statements are equivalent:
(a) M is a constant angle surface;
(b) M is a CMC surface;
(c) M is a Hopf tube over a curve with constant geodesic curvature.
Since the rotation about the z-axes in Nκ,τ is an isometry for all values of κ and τ , a natural class
of surfaces is given by those which are invariant under the action of SO(2) given by rotation about
the z-axes. These surfaces are called surfaces of revolution. The second part of the paper is devoted
to the characterization of biconservative surfaces of revolution in Nκ,τ , with τ 6= 0, obtaining the
following theorem.
Theorem 5.3. Let M be a surface of revolution in a BCV-space Nκ,τ , that is not a space form and
with τ 6= 0. Assume that f 6= 0 at every point on M and α ∈ (0, π). Then, M is a biconservative
surface if and only if it is a Hopf circular cylinder.
2. Biharmonic maps, stress-energy tensors and biconservative immersions
As described by Hilbert in [14], the stress-energy tensor associated to a variational problem is a
symmetric 2-covariant tensor S which is conservative at critical points, i.e. with divS = 0.
In the context of harmonic maps ϕ : (M, g) → (N , h) between two Riemannian manifolds, that is
critical points of the energy functional
E(ϕ) =
1
2
∫
M
|dϕ|2 dvg , (1)
the stress-energy tensor was studied in detail by Baird and Eells in [1] (see also [23] and [2]). Indeed,
the Euler-Lagrange equation associated to the energy functional (1) is equivalent to the vanishing
of the tension field τ(ϕ) = trace∇dϕ (see [9]), and the tensor
S =
1
2
|dϕ|2g − ϕ∗h
satisfies divS = −〈τ(ϕ), dϕ〉. Therefore, divS = 0 when the map is harmonic.
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Remark 2.1. We point out that, in the case of isometric immersions, the condition divS = 0 is
always satisfied, since τ(ϕ) is normal.
A natural generalization of harmonic maps are the so-called biharmonic maps: these maps are the
critical points of the bienergy functional (as suggested by Eells–Lemaire [10])
E2(ϕ) =
1
2
∫
M
|τ(ϕ)|2 dvg . (2)
In [17] G. Jiang showed that the Euler-Lagrange equation associated to E2(ϕ) is given by the
vanishing of the bitension field
τ2(ϕ) = −∆τ(ϕ)− traceRN (dϕ, τ(ϕ))dϕ , (3)
where ∆ is the rough Laplacian on sections of ϕ−1 (TN ) that, for a local orthonormal frame {ei}mi=1
on M, is defined by
∆ = −
m∑
i=1
{∇ϕei∇ϕei −∇ϕ∇M
ei
ei
} .
The curvature operator on (N , h), which also appears in (3), can be computed by means of
RN (X,Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ] .
The study of the stress-energy tensor for the bienergy was initiated in [16] and afterwards developed
in [18]. Its expression is
S2(X,Y ) =
1
2
|τ(ϕ)|2〈X,Y 〉+ 〈dϕ,∇τ(ϕ)〉〈X,Y 〉 (4)
−〈dϕ(X),∇Y τ(ϕ)〉 − 〈dϕ(Y ),∇Xτ(ϕ)〉,
and it satisfies the condition
divS2 = −〈τ2(ϕ), dϕ〉, (5)
thus conforming to the principle of a stress-energy tensor for the bienergy.
If ϕ : (M, g) →֒ (N , h) is an isometric immersion, then (5) becomes
(div S2)
# = −τ2(ϕ)⊤ , (6)
where # denotes the musical isomorphism sharp.
We say that an isometric immersion is biconservative if the corresponding stress-energy tensor S2 is
conservative, i.e. divS2 = 0.
Thus, from (6), biconservative isometric immersions correspond to immersions with vanishing tan-
gential part of the corresponding bitension field.
The decomposition of the bitension field for hypersurfaces is given in the following theorem (see,
for example, [7, 21]).
Theorem 2.2. Let ϕ : Mn−1 →֒ N n be an isometric immersion with unit normal vector field N
and mean curvature vector field H = (f/(n − 1))N . Then, the normal and tangential components
of τ2(ϕ) are respectively
∆f + f |A|2 − f Ricci(N,N) = 0
and
2A(grad f) + f grad f − 2f Ricci(N)⊤ = 0,
where A is the shape operator and Ricci(N)⊤ is the tangent component of the Ricci curvature of N
in the direction of the vector field N .
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By Theorem 2.2 an isometric immersion ϕ :Mn−1 →֒ N n is biconservative if ϕ satisfies the condition
2A(grad f) + f grad f − 2f Ricci(N)⊤ = 0. (7)
The hypersurface Mn−1 immersed in this way is called a biconservative hypersurface.
3. Bianchi-Cartan-Vranceanu spaces
A Riemannian manifold (M, g) is said to be homogeneous if for every two points p and q inM, there
exists an isometry of M, mapping p into q. The classification of simply connected 3-dimensional
homogeneous spaces is well-known and can be summarized as follows. The dimension of the isometry
group must be equal 6, 4 or 3. If the isometry group is of dimension 6, M is a complete real space
form, i.e. the Euclidean space E3, a sphere S3(k), or a hyperbolic space H3(k). If the dimension
of the isometry group is 4, M is isometric to SU(2), the special unitary group, to ˜SL(2, R), the
universal covering of the real special linear group, to Nil3, the Heisenberg group, all with a certain
left-invariant metric, or to a Riemannian product S2(k)×R or H2(k)×R. Finally, if the dimension of
the isometry group is 3, M is isometric to a general simply connected Lie group with left-invariant
metric.
È. Cartan classified all 3-dimensional spaces with 4-dimensional isometry group in [6]. In particular,
he proved that they are all homogeneous and obtained the following two-parameter family of spaces,
which are now known as the Bianchi-Cartan-Vranceanu spaces, or BCV-spaces for short. For κ, τ ∈
R, we define N κ,τ as the following open subset of R3:
N = {(x, y, z) ∈ R3 : 1 + κ
4
(x2 + y2) > 0},
equipped with the metric
gκ,τ =
dx2 + dy2
F 2
+
(
dz + τ
ydx− xdy
F
)2
, (8)
where F = 1 +
κ
4
(x2 + y2).
The metrics gκ,τ , called Bianchi-Cartan-Vranceanu metrics, can be found for the first time in
the classification of the 3-dimensional homogeneous Riemannian manifolds given by L. Bianchi
in 1928 (see [3]) and, latter, appeared as (8) in [6] and [24], thanks to É. Cartan and G. Vranceanu,
respectively.
The family (8) of metrics includes all the 3-dimensional homogeneous metrics whose isometry group
has dimension 4 or 6, except for the hyperbolic space, according to the following scheme:
• if κ = τ = 0, then N κ,τ ∼= E3;
• if κ = 4τ2 6= 0, then N κ,τ ∼= S3
(
κ
4
) \ {∞};
• if κ > 0 and τ = 0, then N κ,τ ∼= (S2(κ) \ {∞}) × R;
• if κ < 0 and τ = 0, then N κ,τ ∼= H2(κ) × R;
• if κ > 0 and τ 6= 0, then N κ,τ ∼= SU(2) \ {∞};
• if κ < 0 and τ 6= 0, then N κ,τ ∼= ˜SL(2, R);
• if κ = 0 and τ 6= 0, then N κ,τ ∼= Nil3.
With respect to the globally defined orthonormal frame
E1 = F
∂
∂x
− τy ∂
∂z
, E2 = F
∂
∂y
+ τx
∂
∂z
, E3 =
∂
∂z
, (9)
the non zero components of the Ricci curvature are
Ricci(E1, E1) = Ricci(E2, E2) = κ− 2τ2, Ricci
(
E3, E3) = 2τ
2. (10)
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As we have mentioned in the introduction an important feature of the BCV-spaces is that they
admit a Riemannian submersion over a surface with constant Gaussian curvature κ, called the Hopf
fibration:
ψ : N κ,τ →M2(κ) =
(
R2, h =
dx2 + dy2
F 2
)
, ψ(x, y, z) = (x, y).
The vector field E3, which is tangent to the fibers of this fibration, is called the Hopf vector field.
Let now M be an oriented, simply connected surface in Nκ,τ . Denote by ∇ the Levi-Civita connec-
tion of M, by N its unit normal vector field, by A the shape operator associate to N and by K the
Gaussian curvature of the surface. We put
gκ,τ (E3, N) = cosα,
where α :M→ [0, π] is the angle function between the unit normal vector field and the Hopf vector
field. Then, projecting E3 on the tangent plane of M we get
E3 = T + cosαN, (11)
where T is the tangent part of E3 and satisfies gκ,τ (T, T ) = sin2 α.
The importance of the angle α was emphasized by B. Daniel in [8], where he showed that the
expressions of the Gauss and Codazzi equations can be written in terms of the function cosα, as
illustrated in the following proposition.
Proposition 3.1 ([8]). The Gauss and Codazzi equations for a surface immersed in a BCV-space
Nκ,τ are, respectively,
K = detA+ τ2 + (κ− 4τ2) cos2 α, (12)
∇XAY −∇YAX −A[X,Y ] = (κ− 4τ2) cosα (gκ,τ (Y, T )X − gκ,τ (X,T )Y ), (13)
where X, Y are tangent vector fields of M.
Moreover, for any vector field X tangent to M⊂ Nκ,τ , it holds
∇XT = cosα (AX − τJX), gκ,τ (AX − τJX, T ) = −X(cosα), (14)
where JY := N ∧ Y , for every Y ∈ TM.
The set {T, JT} defines an orthogonal basis of TM and, for convenience, we consider its orthonor-
malization:
e1 =
T
sinα
, e2 =
JT
sinα
, α ∈ (0, π). (15)
With respect to the frame {e1, e2}, taking into account (14), and supposing that α ∈ (0, π), the
matrix of the shape operator is
A =
 e1(α) e2(α) − τ
e2(α)− τ λ
 , (16)
while the Levi-Civita connection becomes
∇e1e1 = cotα (e2(α)− 2τ) e2, ∇e2e1 = λ cotαe2,
∇e1e2 = − cotα (e2(α) − 2τ) e1, ∇e2e2 = −λ cotα e1.
(17)
Using (16) and (17), by a direct computation, we can rewrite the Gauss and Codazzi equations (12)
and (13) as follows.
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Proposition 3.2. Let M be a surface in a BCV-space Nκ,τ such that α ∈ (0, π). Then, the Gauss
equation (12) and the Codazzi equation (13) are equivalent to the following equations
e1(e2(α)) + λ cotα e2(α) + cotα e1(α)(e2(α) − 2τ)− e2(e1(α)) = 0,
cotα [2(e2(α))
2 − λ e1(α) − 6τ e2(α) + 4τ2 + λ2] + e1(λ)
− e2(e2(α)) − (4τ2 − κ) cosα sinα = 0.
(18)
4. Biconservative helix surfaces in BCV-spaces
LetM be an oriented, simply connected surface in Nκ,τ and let {e1, e2, N} be the adapted frame of
Nκ,τ along M, where e1 and e2 are described in (15). We first decompose (7), which ensures that
M is biconservative, with respect to the frame {e1, e2, N}.
Proposition 4.1. Let M be a surface in a BCV-space Nκ,τ , such that α ∈ (0, π). Then, M is
biconservative if and only if
e1(λ+ e1(α)) (λ + 3e1(α)) + 2e2(λ+ e1(α)) (e2(α)− τ)
− 2(4τ2 − κ)(λ+ e1(α)) cosα sinα = 0,
2e1(λ+ e1(α)) (e2(α)− τ) + (3λ+ e1(α)) e2(λ+ e1(α)) = 0.
(19)
Proof. From
Ricci(N)⊤ = Ricci(N, e1) e1 +Ricci(N, e2) e2,
putting e1 =
∑
aiEi, e2 =
∑
biEi, N =
∑
ciEi and using (10), we obtain
Ricci(N)⊤ =[(κ− 2τ2) (c1a1 + c2a2) + 2τ2c3a3] e1
+ [(κ− 2τ2) (c1b1 + c2b2) + 2τ2c3b3] e2
=(4τ2 − κ) c3(a3 e1 + b3 e2).
Using (11) in (15), we have that a3 = sinα, b3 = 0 and c3 = cosα, so
Ricci(N)⊤ = (4τ2 − κ) cosα sinα e1. (20)
Next, from (16), the mean curvature function is
f = λ+ e1(α),
so
grad f =
[
e1(λ) + e1(e1(α))
]
e1 +
[
e2(λ) + e2(e1(α))
]
e2. (21)
Considering again (16), we obtain
A(grad f) =
[(
e1(λ) + e1(e1(α))
)
e1(α) +
(
e2(λ) + e2(e1(α))
)(
e2(α) − τ
)]
e1
+
[(
e1(λ) + e1(e1(α))
)(
e2(α)− τ
)
+
(
e2(λ) + e2(e1(α))
)
λ
]
e2.
(22)
The result follows substituting (20), (21) and (22) in (7). 
We say that a surface in a BCV-space Nκ,τ is a helix surface, or a constant angle surface, if the
angle α ∈ [0, π] between its unit normal vector field and the unit Killing vector field E3 (tangent to
the fibers of the Hopf fibration) is constant at every point of the surface.
We have the following characterization of biconservative helix surfaces.
Proposition 4.2. Let M be a constant angle surface of a BCV-space Nκ,τ , with angle α ∈ [0, π].
If M is biconservative, then it has constant mean curvature.
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Proof. Firstly, we consider the case α ∈ (0, π), α 6= π/2. Since α is constant, the matrix (16) of the
shape operator, with respect to the frame {e1, e2, N}, becomes
A =
(
0 −τ
−τ λ
)
,
consequently
f = λ.
The Codazzi equations (18) reduce to the only equation
e1(λ) + λ
2 cotα+ κ cosα sinα+ 4τ2 cotα cos2 α = 0, (23)
and the biconservative condition (19) to{
λ e1(λ)− 2τ e2(λ)− 2λ (4τ2 − κ) cosα sinα = 0,
3λ e2(λ) = 2τ e1(λ).
(24)
Now, replacing the second equation of (24) in the first and taking into account (23), we obtain a
polynomial equation in λ with constant coefficients:
6 cotαλ4+ [3 sin 2α (8τ2−κ)+ 8τ2 cotα (3 cos2 α− 1)]λ2− 8τ2 cosα (κ sinα+4τ2 cotα cosα) = 0.
It follows that λ must be constant, and so f .
In the case α = π/2, (19) becomes {
λ e1(λ) = 2τ e2(λ),
3λ e2(λ) = 2τ e1(λ),
which implies that λ is constant.
Finally, in the case α = 0, π, we have that E1 and E2 must be tangents to the surface. Thereby,
the distribution determined by {E1, E2} is integrable and, from the Frobenius Theorem, it must be
involutive. Therefore, τ = 0 and the surface is one of the following: H2 ⊂ H2 × R, S2 ⊂ S2 × R or
R2 ⊂ R3, and all of them are minimal. 
Since from Proposition 4.2 biconservative constant angle surfaces are CMC, in the next proposition
we describe the CMC biconservative surfaces in Nκ,τ .
Proposition 4.3. Let M be a non minimal biconservative surface in a BCV-space Nκ,τ , with
κ 6= 4τ2 . If M is a CMC surface, then it must be a Hopf tube over a curve with constant geodesic
curvature.
Proof. If M is a CMC surface, the biconservative condition (7) becomes
f Ricci(N)T = 0.
Therefore, since f 6= 0, taking into account (20), we obtain the condition
(4τ2 − κ) cosα sinα = 0. (25)
Thus, from (25), we have one of the following possibilities:
• 4τ2 − κ = 0, i.e. the BCV-space is a space form;
• sinα = 0, and the surface is minimal (see the proof of Proposition 4.2);
• cosα = 0.
By the hypothesis only the third case can occur and we analyze it by using ideas given in [21, 22].
As cosα = 0, it results that e1 = E3, which means that the surface is tangent to the Hopf vector
field (that is, it is a Hopf tube). It turns out that it can be parametrized by φ = φ(u, v) such that
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the u-curves are the integral curves of e1 and the v-curves are orthogonal to the u-curves, that is
they are horizontal curves with respect to the Hopf submersion
ψ : Nκ,τ →M2(κ) :=
(
R2, h =
dx2 + dy2
F 2
)
, ψ(x, y, z) = (x, y).
Let
β : I −→ N κ,τ
s 7−→ β(s) ,
be a v-curve parametrized by arc-length and let α(s) = ψ(β(s)) be the projected curve on M2(κ).
To end the proof we have to prove that the geodesic curvature of α is constant. We consider the
Frenet frame along α into M2(κ) given by {t = α′,n}, and the Frenet formulas:
∇̂tt = κg n,
∇̂tn = −κg t,
where ∇̂ denotes the connection of M2(κ) and κg the geodesic curvature of α in M2(κ). Since ψ is
a Riemannian submersion,
α′ = dψ(e2), n = dψ(N),
and e2 and N are horizontal vector fields, it follows that
κg = h(∇̂tt,n) = gκ,τ (∇e2e2, N) = f.
As f is constant, we conclude that κg is constant. 
We can summarize the results of this section in the following theorem.
Theorem 4.4. Let M be a non minimal biconservative surface in a BCV-space Nκ,τ , with κ 6= 4τ2.
Then, the following statements are equivalent:
(a) M is a constant angle surface;
(b) M is a CMC surface;
(c) M is a Hopf tube over a curve with constant geodesic curvature.
Remark 4.5. We point out that in the case Nκ,τ is a space form, (7) reduces to
2A(grad f) + f grad f = 0
so that all CMC surfaces are biconservative.
5. Biconservative surfaces of revolution in BCV-spaces
The vector field X = y ∂/∂x− x ∂/∂y is a Killing vector field of the BCV-space Nκ,τ for all values
of κ and τ . Thus, we can consider the surfaces in Nκ,τ which are invariant under the action of
the one-parameter group of isometries GX , of Nκ,τ , generated by X. For convenience, we shall
introduce cylindrical coordinates 
x = r cos θ,
y = r sin θ,
z = z,
with r ≥ 0 and θ ∈ (0, 2π). In these coordinates the metric (8) becomes
gκ,τ =
dr2
F 2
+ r2
(1 + τ2 r2
F 2
)
dθ2 + dz2 − 2τ r
2
F
dθdz,
8
where F = 1 +
κ
4
r2. Moreover, the Killing vector field takes the form
X =
∂
∂θ
.
The orbit space of the action of GX can be identified with
B := Nκ,τ/GX = {(r, z) ∈ R2 : r ≥ 0} (26)
and the orbital distance metric of B (see, for example, [15]) is given by
g˜ =
dr2
F 2
+
dz2
1 + τ2 r2
.
Now, consider a surface of revolution M that, locally, with respect to the cylindrical coordinates,
can be parametrized by
X(θ, s) = (r(s), θ, z(s)), s ∈ (a, b) ⊂ R , θ ∈ (0, 2π) (27)
and suppose that the profile curve γ(s) = (r(s), z(s)) is parametrized by arc-length in (B, g˜), so
that
r′2
F 2
+
z′2
1 + τ2 r2
= 1. (28)
From 
Xθ =
∂X
∂θ
= −r sin θ
F
E1 +
r cos θ
F
E2 − r
2 τ
F
E3,
Xs =
∂X
∂s
= r′
(cos θ
F
E1 +
sin θ
F
E2
)
+ z′E3,
it results that the unit normal vector field of the surface is given by
N =
(− Fz′ cos θ − rr′τ sin θ)
F
√
1 + τ2 r2
E1 +
(− Fz′ sin θ + rr′τ cos θ)
F
√
1 + τ2 r2
E2 +
r′
F
√
1 + τ2 r2
E3.
Consequently
cosα = gk,τ (N,E3) =
r′
F
√
1 + τ2 r2
. (29)
In order to use the techniques described in Section 3, we compute the vector fields {T, JT} with
respect to the basis {Xθ,Xs}. As T is the tangent part of E3, it follows that
gk,τ (T,Xθ) = gk,τ (E3,Xθ) = −r
2 τ
F
,
gk,τ (T,Xs) = gk,τ (E3,Xs) = z
′.
Then, writing
T = aXθ + bXs, (30)
we obtain the system {
gk,τ (T,Xθ) = a gk,τ (Xθ,Xθ) + b gk,τ (Xθ,Xs),
gk,τ (T,Xs) = a gk,τ (Xθ,Xs) + b gk,τ (Xs,Xs),
whose solution, taking (28) into account, is
a = − r
′2 τ
F (1 + r2 τ2)
, b =
z′
(1 + r2 τ2)
. (31)
Also, in the basis {E1, E2, E3}, the expression of T is given by
T =
r′(τrr′ sin θ + Fz′ cos θ)
F 2(1 + r2τ2)
E1 +
r′(−τrr′ cos θ + Fz′ sin θ)
F 2(1 + r2τ2)
E2 +
τ2r2r′2 + F 2z′2
F 2(1 + r2 z2)
E3.
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Therefore, from (28), it results that
JT = N ∧ T = τrr
′ cos θ − Fz′ sin θ
F
√
1 + τ2r2
E1 +
τrr′ sin θ + Fz′ cos θ
F
√
1 + τ2r2
E2.
With respect to the basis {Xθ,Xs}, we have that
JT = cXθ + dXs, (32)
where c and d satisfy the system{
gk,τ (JT,Xθ) = c gk,τ (Xθ,Xθ) + d gk,τ (Xs,Xθ),
gk,τ (JT,Xs) = c gk,τ (Xθ,Xs) + d gk,τ (Xs,Xs),
that is
c =
Fz′
r
√
1 + τ2r2
, d =
τ r√
1 + τ2r2
. (33)
The mean curvature function f of the surface can be computed using standard techniques of equi-
variant geometry and it is given (see, for example, [4]) by
f(s) =
(1
r
− κ
4
r
)
sinσ + σ′, (34)
where σ(s) is the angle that γ makes with the ∂/∂r direction.
Remark 5.1. For later use, we point out that, using (28), we obtain the following expressions:
cos σ =
r′
F
, sinσ =
z′√
1 + τ2 r2
. (35)
We are now in the right position to study when a surface of revolution, locally parametrized by
(27), is biconservative. The first step is to write the conditions of Proposition 4.1 in this context.
Lemma 5.2. LetM be a surface of revolution in a BCV-space Nκ,τ , whose mean curvature function
is f . Assume that α ∈ (0, π). Then, M is biconservative if and only if the following system is
satisfied:  f
′
[
b f − 2τ d− 2 (cosα)′
]
− 2f (4τ2 − κ) cosα sin2 α = 0,
f ′ (3d f − 2τ b) = 0.
(36)
Proof. First, taking into account (30) and (32), (19) can be written as
f ′
[
− 2b T (cosα)− 2d
(
JT (cosα) + τ sin2 α
)
+ bf sin2 α
]
− 2f(4τ2 − κ) cosα sin4 α = 0,
f ′
[
− 2b
(
JT (cosα) + τ sin2 α
)
+ (2dλ+ d f) sin2 α
]
= 0.
(37)
Next, using the expressions
T (cosα) = b
( r′
F
√
1 + τ2r2
)′
,
JT (cosα) = d
( r′
F
√
1 + τ2r2
)′
,
and that b2 + d2 = sin2 α, system (37) becomes (36). 
Theorem 5.3. Let M be a surface of revolution in a BCV-space Nκ,τ , that is not a space form and
with τ 6= 0. Assume that f 6= 0 at every point on M and α ∈ (0, π). Then, M is a biconservative
surface if and only if it is a Hopf circular cylinder.
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Proof. The second equation of system (36) occurs if and only if either f is constant or
3d f − 2τ b = 0. (38)
If f is constant, from Theorem 4.4,M is a Hopf tube over a curve with constant geodesic curvature
and, since M is a surface of revolution, we conclude that it is a Hopf circular cylinder.
Next, assume that f ′ 6= 0 everywhere. Replacing the expression of b and d, given in (31) and (33)
respectively, in (38), we obtain the condition
τ (3f r
√
1 + τ2 r2 − 2z′) = 0. (39)
Then, since τ 6= 0,
f =
2z′
3r
√
1 + τ2 r2
; (40)
Now, using (35) we can rewrite (40) as
f(s) =
2 sin σ
3r
. (41)
As f 6= 0, we have that sinσ 6= 0. Then, comparing (41) with (34) we get
σ′ = sinσ
(κ r
4
− 1
3r
)
. (42)
From (29), (35) and (31), we can write
cosα =
cos σ√
1 + τ2 r2
, r′ = F cos σ , b =
cosσ√
1 + τ2 r2
, (43)
Next, taking the derivative of f and cosα with respect to s, and replacing the value of σ′ and r′
given in (42) and (43), we obtain
f ′ =
sin 2σ
3 r
(κ r
4
− 4
3r
)
, (cosα)′ = − sin
2 σ√
1 + τ2 r2
(κ r
4
− 1
3r
)
− τ
2 r (4 + κ r2) cos2 σ
4(1 + τ2 r2)3/2
. (44)
Finally, replacing (41), (43) and (44) in the first equation of (36), we obtain the condition
(κ− 4τ2) f (cos 2σ − 1− 2τ2r2) cos σ = 0.
Therefore, as κ 6= 4τ2, we conclude that cos σ = 0 which implies, using (43), that r = constant.
Therefore, from (41), f must be constant which contradicts the hypothesis that f ′ 6= 0 everywhere.

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